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Abstract: We present a gradient-index crystal
that offers extreme tunability in terms of manip-
ulating the propagation of elastic waves. The
crystal is a chain made of cylindrical granular
particles interacting as per a nonlinear contact
law. We show that the stacking angles can be
tuned to maintain a desired gradient in stiffness
along the system. For small-amplitude excita-
tion, we achieve extreme control over wave trans-
mission depth into the crystal. We numerically
and experimentally demonstrate a boomerang-
like motion of wave packet injected into the crys-
tal. For large-amplitude excitations on the same
crystal, we invoke nonlinear effects, and we nu-
merically and experimentally demonstrate asym-
metric wave transmission from two opposite ends
of the crystal. Such tunable systems can thus in-
spire a novel class of designed materials to control
linear and nonlinear elastic wave propagation in
meso-, micro-, and nano-scales.
Control of energy flow is fundamental to the develop-
ment of advanced technologies in material science. In this
regard, the advent of phononic crystals and metamate-
rials in recent years have shown excellent possibilities to
manipulate elastic waves in materials [1–3]. Several inge-
nious designs have been proposed to build exotic devices,
e.g., diode [4–6], cloak [7], negative refraction metama-
terial [8], energy harvester [9], impact absorber [10], and
topological lattice [11]. The key idea is to use one or
more ingredients among e.g., structural periodicity [12],
local resonances [13], and nonlinear effects [14] to achieve
a nontrivial dynamical response. The underlying physics
in these demonstrations could also offer new ways to con-
trol mechanical vibrations at nanoscale by optomechan-
ical [15] and nanophononic metamaterials [16]. There-
fore, the need of exploring advanced material architec-
tures that offer rich wave physics is ever growing.
In this context, granular crystals [17, 18] – system-
atic macroscopic arrangement of granular particles – offer
a unique advantage. These architectures mimic atomic
lattice dynamics in the sense that the grains can be
thought of as atoms that interact via a nonlinear inter-
action potential stemming from the nature of the con-
tact. These crystals are highly tunable and a plethora
of wave physics, ranging from linear to nonlinear, can be
demonstrated in the same system [19]. Control over wave
propagation in this setting shows many technological ad-
vances, ranging from impact and blast protection [20] to
micro-scale granular beds [21].
Here we present a gradient-index granular crystal that
offers even further tunability in terms of manipulating
both linear and nonlinear elastic waves. Granular parti-
cles are of a cylindrical shape, and therefore, we achieve
the gradient in stiffness simply by tuning the contact
angles between cylinders [22]. Gradient-index materials
have been extensively studied in optics and acoustics for
various purposes, such as rainbow trapping [23], open-
ing wide bandgaps [24], waveguides [25, 26], lens [27–29],
beamwidth compressor [30], wave concentration [31], and
absorbers [32, 33]. Gradient-index systems are unique as
the gradual variation in material/structural properties
enables control over wave speed and wave directions at
the same time minimizing any scattering.
Using the gradient-index granular crystal, here, we nu-
merically and experimentally demonstrate capability of
wave control in two fronts. For small-amplitude waves,
the system follows linear dynamics, and therefore, we
demonstrate frequency-dependent wave penetration into
the system. This includes a boomerang-like motion of
injected wave packet that returns back to the point of
excitation without propagating along the whole length
of the crystal. This is similar to a mirage effect. For
large-amplitude waves, we invoke nonlinear effects, and
we show that the system offers asymmetric wave trans-
mission in two opposite directions, leading to one-way
energy transport as a result of the interaction of nonlin-
earity and spatial asymmetry [5, 6, 34–36]. Remarkably,
all these characteristics can be tuned simply by changing
the stacking angles and controlling the wave amplitude
in the system.
Our system is a chain of 37 cylinders stacked vertically
and pre-compressed by a free weight on top as shown in
Figure 1. The cylinders interact as per the Hertz contact
law [37], and therefore, linear (nonlinear) wave dynam-
ics can be studied at small (large) dynamic excitations in
comparison to the static pre-compressive force (F0 = 29.4
N). We vary the contact angles ranging from 10◦ to 90◦
along the chain such that the contact stiffness varies lin-
early along the chain. 10◦ represents a stiff side, whereas
90◦ is a soft side.
To investigate wave dynamics, we first numerically
model the system by employing the discrete element
method. Each cylinder is considered as a point mass
having only one degree of freedom in the vertical direc-
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2Figure 1. (Color online) Experiment setup to investigate
wave dynamics in gradient-index granular crystal. A chain
of quartz cylinders is stacked vertically inside a 3D-printed
enclosure assembly. Each enclosure hosts one cylinder inside
and can be rotated independently, such that contact angles
between cylinders are easily changed (see the bottom inset).
This chain of cylinders can then be modeled using the dis-
crete element method, in which cylinders are treated as point
masses and the contact interactions are modeled with non-
linear springs (upper inset). The chain is pre-compressed by
placing a 3-kg mass on the top. A piezoelectric actuator ex-
cites the chain from the bottom and the velocity response of
cylinders is measured by an LDV through designed holes in
the enclosures.
tion, and the interaction of ith and (i+ 1)th cylinders –
making a contact angle αi – is modeled as the following
force-displacement law: F = β(αi)(δi + ui − ui+1)3/2.
Here β(αi) is the contact stiffness coefficient, ui denotes
the dynamic displacement of ith cylinder, and δi is the
pre-compression due to the static pre-compressive force
given to the system (see Supporting Information for the
full expression of β(αi) and equations of motion). We ex-
plore the linear wave dynamics of the system by studying
modal response of the system. To this end, for small dy-
namical excitations, we can linearize our contact model
such that contact stiffness klin(αi) = (3/2)β(αi)
2/3F
1/3
0 .
In Figure 2A, we show modal frequencies of gradient-
index chain (10◦ → 90◦) in comparison to homogeneous
chains (10◦ → 10◦ and 90◦ → 90◦), i.e., uniform con-
tact angle (thus stiffness klin) along the length. We
observe that the eigen frequencies of the 10◦ → 10◦
chain span till a cutoff frequency about 17.78 kHz [=
(1/pi)
√
klin(10◦)/m, where m represents the mass of
cylinders and klin(10
◦) denotes linearized stiffness for
10◦ contact]. Similarly, for the 90◦ → 90◦ chain, we
observe eigen frequencies spanning till about 11.97 kHz
[= (1/pi)
√
klin(90◦)/m]. For the gradient-index chain,
however, we observe eigen frequencies span till about
17.78 kHz, the cutoff frequency for 10◦ → 10◦ chain, but
the curve has a portion that is concave upward starting
from about 11.97 kHz, the cutoff frequency for 90◦ → 90◦
chain. These modes are referred to as “gradons” in the
previous literature [38].
To investigate further, we plot the wave transmission
as a function of frequency for all the aforementioned con-
figurations in Figures 2B-D. It is evident that 10◦ → 10◦
and 90◦ → 90◦ homogeneous chains have pass bands from
0 kHz to their respective cutoff frequencies, whereas the
gradient chain shows a pass band with decreasing trans-
mission in the frequency range marked by the double-
sided arrow in Figure 2D, which corresponds to the re-
gion with the concave upward trend in Figure 2A. We
show in the inset a mode shape for a frequency in this
region. Since its modal amplitude dominate the chain
only partially, we can explain why the wave transmission
decreases in this region. We verify this argument further
by performing full numerical simulation with a small-
amplitude impulse excitation given to the chain (Runge-
Kutta solver with 0.01 m/s of initial velocity to the first
particle). We then perform the fast Fourier transforma-
tion (FFT) on the velocity time history of each particle
to plot frequency spectrum along the length of the chain
as shown in Figure 2E. We observe that the wave trans-
mission is only partial along the chain in the frequency
range mentioned above. As the input frequency increases
in this region, the transmission is more limited to the
front end of the chain. Therefore, we can interpret lin-
ear dynamics in this gradient-index chain as if the system
has spatially-varying “local” cutoff frequency. Analytical
expression of such a local cutoff frequency can be mathe-
matically expressed as fc,i = (1/pi)
√
klin(αi)/m), which
shows an excellent fit with the numerical results shown
Figure 2E. We thus conclude that the our gradient-index
chain would have three regions of wave transmission.
From 0 kHz to 11.97 kHz, there is a pass band; from
11.97 kHz to 17.78 kHz, there is a partial pass band, i.e.,
wave transmission till a fraction of the chain; and for
frequencies above 17.78 kHz, there is a stop band.
With the understanding of the three different regions
of wave transmission in our gradient-index chain, we
now send Gaussian-modulated waveforms centered at fre-
quencies residing in these three regions. We numerically
and experimentally show how the wave packet propagates
along the chain when sent from the stiffer side (10◦).
In Figures 3A,B, we show spatiotemporal evolution of a
wave packet at 7 kHz obtained numerically and exper-
imentally. As the frequency falls in the region of full
transmission, we clearly observe that the wave packet is
transmitted to the other end of chain. A significant de-
cay in amplitude, however, is due to the damping in the
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Figure 2. (Color online) Modal frequencies and transmission of the gradient-index granular chain in comparison to homogeneous
chains. (A) Modal frequencies of a gradient-index chain with contact angle 10◦ → 90◦ in comparison to the homogeneous chains
with only 10◦ and 90◦. (B) Wave transmission for the homogeneous chain with contact angle 10◦. (C) Wave transmission for
the homogeneous chain with contact angle 90◦. Due to softer contacts, the pass band is smaller compared to that in B. (D)
Wave transmission in gradient-index chain. The zone marked with a double arrow sees a gradual decay in wave transmission
with the increase in the frequency. An eigen mode for this region is shown in inset confirming a partial wave transmission along
the chain. (E) Frequency spectrum vs. space obtained using full numerical simulations on the gradient-index chain under an
impact excitation. A gradual decay in the pass band is seen along the chain. The highlighted line in red represents analytically
obtained local cutoff frequency.
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Figure 3. (Color online) Linear wave dynamics in the gradient-index chain (10◦ → 90◦) under a Gaussian-modulated wave
excitation. (A)-(B) Numerically- and experimentally-obtained spatiotemporal velocity maps for the excitation centered at 7
kHz. 3D line plots (in blue) are superimposed to highlight velocity time history at certain locations along the chain. (C)-(D)
The same at 14 kHz. Boomerang-like wave propagation is demonstrated. (E)-(F) The same at 24 kHz.
experiments, which is modeled in simulations as well (see
Supporting Information). In Figures 3C,D, we show spa-
tiotemporal evolution of a wave packet at 14 kHz, which
lies in the partial wave transmission region. Evidently,
the wave packet slows down as it propagates along the
chain. It stops at a spatial location and then turns back
to the front of the chain. This is analogous to boomerang
motion, which we could successfully capture in our exper-
iments. This boomerang motion typically involves wave
amplification near the turning location (see Supporting
Information). Lastly, the wave sent at 24 kHz, i.e., in the
stop band, does not propagate along the chain at all and
is confined to the left end as shown in Figures 3E,F. In
this way, we have demonstrated that our gradient-index
system offers a great control over the penetration depth
of the wave packet as a function of its frequency.
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Figure 4. (Color online) Nonlinear wave dynamics in gradient-index granular crystal. We observe asymmetry in wave trans-
mission with increasing excitation amplitude at 13.5 kHz for two configurations: forward (10◦ → 90◦) and reverse (90◦ → 10◦).
The excitation amplitude represents the maximum amplitude of the first cylinder. The forward configuration sees transmission
increase as the excitation amplitude increases (see spatiotemporal velocity maps in upper three panels for excitation amplitudes
0.11µm, 0.51µm, and 1.01 µm). The reverse configuration, however, does not see any significant increase in wave transmission
(see bottom three panels).
Having looked at the linear wave dynamics in our sys-
tem, we now investigate wave dynamics for larger ampli-
tudes by invoking nonlinear effects. In particular, we con-
sider the frequency regime that offers partial wave trans-
mission, the uniqueness of this gradient-index chain, and
then increase wave amplitude to assess transmission char-
acteristics of the system. We send a Gaussian-modulated
pulse centered at 13.5 kHz from the two opposite ends
and numerically monitor wave transmission as shown in
Figure 4. We quantify wave transmission as the ratio of
the maximum velocity of the last particle to that of the
first particle. For small-amplitude excitations, the for-
ward configuration (10◦ → 90◦) shows boomerang wave
motion and returns back without reaching the other end
as predicted earlier. However, upon increasing the wave
amplitude, we see significant rise in wave transmission to
the other end of the chain due to wave leakage as seen in
the upper panels of Figure 4. In contrast, for the reverse
configuration (90◦ → 10◦), the wave does not penetrate
the bulk of the chain and remains localized near the ex-
citation point as seen in the bottom panels of Figure 4.
Upon increasing the wave amplitude, the localization still
persists, and there is not a significant rise in the wave
transmission.
This amplitude-dependent asymmetric wave transmis-
sion can be understood as the interplay between non-
linearity and spatial gradient in the system. Looking
back at the eigenmode (“gradon”) plotted in the inset
in Figure 2D, when we excite the system from the stiffer
side (10◦), the presence of larger modal amplitude con-
tributes to invoking nonlinear effects (such as frequency
conversion) easily with an increased excitation ampli-
tude. However, when we excite the system from the soft
side (90◦), nonlinear effects become substantially sup-
pressed, similar to the mechanism observed in thermal
systems [34]. We explain this phenomenon in detail by
extracting steady-state mode profiles in various excita-
tion amplitudes, and show that the enhancement of the
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Figure 5. (Color online) Comparison of asymmetric wave
transmission data obtained from experiments and numerical
simulations for two configurations: forward (10◦ → 90◦) and
reverse (90◦ → 10◦). The maximum velocity of the last (37th)
particle from the actuator is compared with various excitation
amplitude of the first particle from the actuator.
wave transmission in the forward configuration is due to
the frequency conversion occurring at high-amplitude ex-
citations (see Supporting Information).
Next, we experimentally demonstrate the asymmet-
ric wave transmission in our gradient-index chain. We
send a Gaussian-modulated pulse used in Figure 4 from
the actuator to the two different configurations: forward
(10◦ → 90◦) and reverse (90◦ → 10◦), and measure wave
transmission (details in Experimental Section). In Fig-
ure 5, we show the experimental evidence of asymmetric
transmission in our system when the excitation ampli-
tude is increased. The numerical simulation, which also
includes the effect of viscous damping, follows the exper-
imental data with a decent agreement. Note that the ex-
citation range in the experiments is narrower than that in
the simulations due to the limitation of our piezoelectric
stack actuator. However, the asymmetric transmission is
clearly verified within the range covered.
To conclude, we have proposed a highly tunable
gradient-index system that is made of cylindrical gran-
ules. The contact interaction allows us to easily maintain
a stiffness gradient along the chain. Due to the nonlin-
ear Hertz contact law, the system is further tunable by
the amplitude of wave excitation. For small amplitudes,
the system follows linear dynamics and shows three dis-
tinctive frequency regions of wave transmission. These
are a stop band, a pass band, and a partial pass band
that allows waves to penetrate only to a fraction of the
system and then return back to the point of excitation.
We experimentally demonstrate such a boomerang mo-
tion. For high amplitude excitations, we invoke nonlinear
effects in the system, and demonstrate that the same sys-
tem supports asymmetric wave transmission, leading to
a rapid enhancement of transmission from one end to the
other. Therefore, this contact-based tunable system can
inspire a novel class of material systems to manipulate
the flow of elastic energy for engineering applications,
e.g., impact mitigation, vibration filtering, energy har-
vesting, and even mechanical logic gates.
EXPERIMENTAL SECTION
We measure wave propagation in a gradient-index
granular chain consisting of identical cylindrical parti-
cles made of fused quartz (Young’s modulus E = 72
GPa, Poisson’s ratio ν = 0.17, and density ρ = 2200
kg/m3). The length and the diameter of every cylinder
is equal to 18 mm. We vertically align the cylinders using
3D-printed cylindrical enclosures as shown in the lower
inset in Figure 1. Each enclosure has one cylinder in-
side, and deliberate clearances are provided to restrict
their rattling in rotation and to minimize any friction
in the translational direction. The enclosures are assem-
bled in series and can be rotated independently to dial in
contact angles between neighboring cylindrical particles
inside. We change the contact angles gradually along the
chain from 10◦(90◦) to 90◦ (10◦) so that its linearized
contact stiffness profile varies linearly along the chain.
A mass (3 kg) is placed on top of the granular chain to
give a constant pre-compression to the chain. We neglect
the effect of gravity in the variation of pre-compressive
force along the vertical chain, because the variation is
much smaller compared to the static force F0 = 29.4 N.
A piezoelectric actuator (Piezomechanik PSt 500/10/25
VS18) is placed at the bottom of the chain in contact with
the first particle. The actuator excites the chain with a
Gaussian wave packet of specific RMS widths (i.e., 0.3
ms for Fig. 3 and 0.6 ms for Fig. 4 and Fig. 5). A
function generator (Agilent 33220A) sends the input to
the actuator via an amplifier (Piezomechanik LE 150/100
EBW). We measure velocity of each particle by a laser
Doppler vibrometer (Polytec OFV-534) at 45◦ through
the delicately-designed holes in the enclosures. We use a
small reflection tape on each particle surface to get strong
reflection signal for the laser. The point-by-point mea-
surements of the particles are synchronized to reconstruct
the wave field along the chain.
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Supporting Information
Gradient-index granular crystals: From boomerang motion to
asymmetric transmission of waves
I. NUMERICAL MODELING
A. Discrete Element Model
We use the discrete element method to simulate the wave propagation in graded chains. We model each cylinder
as a point mass moving longitudinally and connected with nonlinear springs with neighboring cylinders. This is
reasonable because the lowest resonant frequency of the cylindrical particle is much higher than the frequencies of
interest (i.e., frequencies of propagating waves along the chain) here. Thus we can assume that the particle moves as
a rigid point mass. The contact force between ith and (i+ 1)th cylinders that make the contact angle of αi is given
by F = β(αi)(δi + ui − ui+1)3/2 with β(αi) taking the following form [1, 2]
β(α) =
2Y
3(1− ν2)
√
R
sinα
[
2K()
pi
]−3/2{
4
pi2
√[(
r1
r2
)2
E()−K()
]
[K()− E()]
}1/2
.
Here E, ν and R represent Young’s modulus, Poisson’s ratio, and the radius of each cylinder, respectively. The
elliptical contact area between the cylinders has eccentricity  =
√
1− (r2/r1)2, where r1 and r2 are semi-major
and semi-minor axes, respectively. K() and E() are the complete elliptical integrals of the first and second kind,
respectively. We further assume r2/r1 ≈ [(1 + cosα)/(1− cosα)]−2/3 [1].
B. Equations of motion
For a chain of N = 37 cylinders of mass m, we thus write equations of motion as
m
d2u1
dt2
= βa [δa + ua − u1]3/2+ − β1 [δ1 + u1 − u2]3/2+ −
m
τ
du1
dt
,
m
d2ui
dt2
= βi−1 [δi−1 + ui−1 − ui]3/2+ − βi [δi + ui − ui+1]3/2+ −
m
τ
dui
dt
,
m
d2uN
dt2
= βN−1 [δN−1 + uN−1 − uN ]3/2+ − F0 −
m
τ
duN
dt
,
where ui is dynamic displacement of ith cylinder, δi and βi are the static compression and contact stiffness coefficient
between ith and (i+1)th cylinders, respectively. ua represents the actuator displacement, which is Gaussian modulated
such that ua(t) = A exp
{−(t− µ)/2σ2} sin(ωt) with A, σ, and µ being the peak amplitude, RMS width, and the
time of maximum displacement, respectively. The bracket [x]+ = max(0, x) is to make sure that we do not consider
a tensile force for the contacts. βa is the contact stiffness coefficient between the actuator tip and the first particle
in the chain, and it is taken to be 16.97 N/µm3/2 after considering the material properties and geometric curvatures
at the contact. For the last particle in the chain, we assume that the pre-compressive force equivalent to the weight
of 3 kg mass is directly applied. To consider the effect of viscous dissipation, we use an effective damping model and
apply a force of −(m/τ)(dui/dt) on each particle. We choose τ = 0.6 ms to match wave decay in the experiments.
II. WAVE AMPLIFICATION
In this section, we discuss the surge of the wave amplitude in boomerang-like wave motion (see Fig S1A). A gradual
variation in stiffness causes the wave speed to change along the length of the chain. For the configuration: 10◦ → 90◦,
the injected wave experiences decreasing stiffness, and therefore, the wave-packet’s group velocity gradually decreases.
The linear dynamics does not allow the change in the frequency, and therefore, the decrease in the group velocity
directly implies an increase in the wavevector content. This manifests as the decrease in spatial width and an increase
in amplitude of the wave packet as it traveling along the chain. We compare two wave profiles in Figure S1B. As the
wave reaches the turning point, at about 3.448 ms, it is shrunk in width and amplified in amplitude. When the wave
turns back, wave speed increases again and it is stretched in width. We show the maximum wave amplitude at each
particle location in Figure S1C to further clarify this wave amplification effect.
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2Figure S1. (Color online) (A) Boomerang-like wave motion of a Gaussian wave packet with a frequency of 13.5 kHz. The blue
and red squares represent the moments at 2.850 ms and 3.448 ms, respectively. (B) Comparison of wave profiles at 2.850 ms
and 3.448 ms. (C) Maximum particle velocity at each particle location.
III. ASYMMETRIC WAVE TRANSMISSION: FREQUENCY CONVERSION
In this section, we discuss more on the reciprocal wave transmission in the gradient-index chain. We excite the
forward (10◦ → 90◦) and the reverse (90◦ → 10◦) configurations of the chain at 13.5 kHz (the same as in the main
text) with a sinusoidal waveform and monitor its steady-state response. We extract the maximum velocity for each
cylinder and normalize it with respect to the maximum velocity of the first cylinder and obtain steady-state mode
profiles. When we excite the chain with amplitudes 0.01 µm to 0.50 µm, the forward configuration of the chain in
Figure S2A shows a significant change in the steady-state response. In particular, the response for 0.50 µm in yellow
shows a quite distinctive shape, thereby leading to a significant wave amplitude to the right end of the chain. We take
the velocity time history at each cylinder and plot the frequency spectrum for this case in Figure S2B. It is evident
that the input frequency at 13.5 kHz is not what the right end of the chain receives. Due to the nonlinear effect in
the system, we excite auxiliary nonlinear modes at other frequencies, which, in turn, leads to the significant wave
transmission to the right end. This, however, is not the case with the reverse configuration in Figure S2C. Here the
steady-state transmission remains localized on the left end of the chain and follows an evanescent profile. A spectrum
plot in Figure S2D for 0.50 µm excitation clearly shows no sign of exciting other nonlinear modes, confirming that the
the wave remains localized.
[1] K. L. Johnson. Contact Mechanics. Cambridge University Press, 1985.
[2] D. Khatri, D. Ngo, C. Daraio. Granular Matter 2012, 14, 1 63.
310 20 30
Particle from actuator
0
0.5
1
1.5
2
2.5
10 20 30
Particle from actuator
0
0.2
0.4
0.6
0.8
1
10 20 30
Particle from actuator
0
5
10
15
20
Fr
eq
ue
nc
y (
kH
z)
10 20 30
Particle from actuator
0
5
10
15
20
-20
-15
-10
-5
0
dB
A C
B D
Input
frequency
Input
frequency
Figure S2. (Color online) Steady-state response of forward (10◦ → 90◦) and reverse (90◦ → 10◦) gradient-index chains at 13.5
kHz (A) Normalized maximum velocity extracted at each particle in the forward configuration for the excitation amplitudes
of 0.01 µm, 0.25µm, and 0.50 µm. (B) Frequency spectrum as a function of particle locations obtained from the excitation
amplitude of 0.50 µm. (C)-(D) The same for the reverse configuration.
